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Dipolar excitons in multilayered heterostructures provide a promising platform for studying strongly correlated
quantum phases [1, 2, 4, 3, 5, 6, 7, 8]. Beyond purely planar configurations, multilayer arrangements introduce a new
layer degree of freedom and highlight the anisotropic nature of dipolar interactions.

Motivated by recent experimental advances, we investigate dipolar excitons in trilayer and quadrilayer heterostruc-
tures using large-scale quantum Monte Carlo simulations. We establish the low-temperature phase diagram as a
function of key physical parameters and make concrete predictions for experimentally relevant observables.

In trilayer systems, we identify the emergence of a quantum quadrupolar exciton liquid, driven by rapid hole
tunneling between the two outer layers. Consistent with experimental findings, our simulations reveal a quadratic
redshift in exciton energies under an applied polarizing electric field. Remarkably, at high exciton densities and mass,
we observe a new, staggered crystal phase, stabilized by the attractive interaction of antiparallel dipoles.

For quadrilayer heterostructures, where dipoles in the top and bottom layers are oriented antiparallel, we demon-
strate the formation of a trimer bound state, consisting of two dipoles in the lower layers and one in the upper layer.
At sufficiently low temperatures, these trimers condense, giving rise to a trimer superfluid. Increasing exciton density
induces a quantum phase transition where in addition unbound dipoles condense.

Our results provide theoretical insights into the complex phase diagrams of multilayered dipolar excitons with
anisotropic extended interactions, offer an interpretation of existing experimental data, and guide future investigations
in this field.
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Figure 1: (a) Quantum quadrupolar versus staggered dipole configuration and Monte Carlo snapshots of dipolar world
lines arranged in a dipolar staggered lattice (b) Trimer bound state configuration and spatial wave function probability
density.
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